A numerical investigation has been developed to evaluate the influence of dynamic ground effect on the aerodynamic coefficients of a wing using a panel method. This simulates unsteady flow by the time-marching method with a deformable free wake. The image method is used to model ground effect. Lift, induced drag, and pitching moment coefficients were obtained considering fixed height above the ground (static ground effect) and the wing in sink and flare maneuvers (dynamic ground effect). The results at static ground effect were compared with analytical and numerical results in order to verify and validate the created panel code, and they are acceptable. Lift and the absolute value of the pitching moment coefficients increase and the induced drag coefficient decreases as the height diminishes. Although the trends in static and dynamic ground effect are similar, the aerodynamic coefficients achieved in static ground effect are less affected than those ones calculated by simulations of the wing approaching the ground. Linear models of the wing in ground effect were developed by using the data of constant rate of descent and flare maneuvers. The sink rate produces significant variations in the aerodynamic coefficients of a wing. Nomenclature b = wingspan CL, CD, CM = lift, drag, and pitching moment coefficients CL0, CD0, CM0 = lift, drag, and pitching moment coefficients at zero angle of attack CLq, CDq, CMq = variation of lift, drag, and pitching moment coefficients with pitch rate CLh, CDh, CMh = variation of lift, drag, and pitching moment coefficients with c H CLα, CDα, CMα = lift, drag, and pitching moment slopes 
Qu et al. 7 simulated using a finite-volume solver the flow field of a two-dimensional NACA4412 airfoil in static ground effect and in dynamic ground effect in descent, and they found that the dynamic ground effect could be divided into three regions depending on the height above the ground.
Quijada and Boschetti 8 analyzed the influence of the dynamic ground effect on the aerodynamic characteristics of a rectangular wing, creating a panel method code capable of simulating a wing in sink and flare maneuver considering unsteady flow. The results show significant differences between the aerodynamic coefficients obtained in static ground effect (same height with time) and those ones achieved in dynamic ground effect (height changing with time). The h derivatives were not studied in that paper. The problem discussed in this article is how the aerodynamic coefficients vary under the influence of ground effect if the height above ground changes continuously with time and it is considered unsteady flow. Therefore, the main objective of this research is to evaluate the influence of dynamic ground effect on the aerodynamic coefficients of a wing using a numerical model based on a panel method capable of simulating unsteady flow. Consequently, the specific objectives are to carry out the numerical simulation of a wing approaching the ground, in sink and flare maneuver using a panel method, and to evaluate numerically how the aerodynamic coefficients of a wing vary as the wing approaches the ground respect to those obtained in static ground effect.
II. Ground Effect
The ground proximity of a wing in flight produces changes in its aerodynamics characteristics. Basically, the induced drag is reduced and the lift is increased. Wieselberger 9 studied the diminution of induced drag in wings via an image method and presented an expression to estimate the drag reduction factor. The image method recreates the ground plane by an inverted mirror image of the wing at twice the distance of the height above ground as is shown in D Fig. 1 . This method is usually used to simulate aerodynamic objects in ground effect with potential flow. The drag reduction factor is expressed as, (1) There are different closed-form relations in the literature to estimate the drag reduction factor, and these are mainly a function of H/b. For wings in ground effect, the relations presented from Suh and Ostowari, 10 and Laitone 11 are chosen and shown in Eqs. (2) and (3), respectively. 
For quasi-steady flow in ground proximity, drag, lift, and pitching moment coefficients of a wing and/or flight vehicle could be expressed as,
In Eq. (5) the stability coefficients are function of non-dimensional height, which means that this is a nonlinear model.
It is a very difficult process to achieve the h derivatives accurately because the aerodynamic coefficients in the complete flight time history are needed. Boschetti and Cárdenas 13 suggest that the h derivative terms in Eq. (5) are the subtraction of the non-dimensional coefficients obtained in dynamic ground effect minus those ones attained in static ground effect at the same height,
III. Mathematical Formulation

A. Panel Method
The wing is immersed in an unsteady, incompressible, and non-viscous fluid flow. Katz and Plotkin 14 remark that for these conditions the flow field can be computed by Laplace's equation (Eq. (7)) accomplishing the appropriate boundary and physical conditions. The first boundary condition requires zero normal velocity across the solid boundaries of the wing called the nopenetration boundary condition; it is described by Eq. (8) , where the velocity in the surface is v and the vector normal to the moving surface is n.
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The second boundary condition requires that the flow disturbance should diminish far from the wing; it is shown in Eq. (9) , where the position of the wing with respect to the coordinate system is R.
The two-dimensional Kutta condition has to be applied along the three-dimensional trailing edge of the wing where γTE is equal to zero.
The Laplace equation does not include the time-dependence terms needed to model unsteady flow. Katz and Plotkin 14 introduced the time dependence through the boundary conditions previously stated. The Laplace equation and the boundary conditions are applied in the inertial frame of references (X,Y,Z), which coincides with the frame of the origin (x,y,z) at the initial time, t=0. When t>0, the relative motion of the origin of the wing frame of the reference is prescribed by its location R0(t)=(X0,Y0,Z0) and its instantaneous orientation Θ(t)=(φ,θ,ψ). Based on the flight path information of R0(t) and Θ(t), a transformation f between the two coordinate systems 14 is established,
The kinematic velocity v of the disturbed fluid due to the motion of the wing is given by
where the velocity of the system's origin (x,y,z) is V0, the rate of rotation is Ω=
, and the relative velocity of the system is vrel=
. The transformation of Eq. (10) into the reference system of the wing does not change and the Laplace equation remains unchanged, and the same applies to the physical and boundary conditions. Katz and Plotkin 14 establish that to satisfy the no-penetration boundary condition described in Eq. (11), geometrical information of the wing is required, and the wing solid surface could be defined as z=η(x,y). Equation (12) defines a function F(x,y,z) to find the normal to the wing surface.
The normal on the wing surface is equal to:
The velocity potential due to free-stream flow is represented in Eq. (14), where U∞ and W∞ are constant velocity components in the x and z directions, respectively.
Owing to Eq. (7) is a linear partial differential equation; its solution could be divided into two separate parts,
Substituting Eq. (13) and the derivatives of Eqs. (14) and (15) into Eq. (8) (the no-penetration boundary condition), and rearranging for ∂ϕ/∂z,
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(|∂ϕ/∂x|)/Q∞, (|∂ϕ/∂y|)/Q∞, (|∂ϕ/∂z|)/Q∞˂˂0 (17) These restrictions are applied on the geometry: 14 |∂η/∂x|<<1, |∂η/∂y|<<1, and |W∞/U∞|=tan α<<1,
Considering these two last assumptions and remarking that for small values of angle of attack, W∞≈Q∞•α and U∞≈Q∞, the expression of the no-penetration boundary condition becomes,
This problem can be solved by vortex distribution over the wing and the wake. The Biot-Savart law is used to calculate the velocity ∆q due to vortex line element dl with strength of ∆Γ,
½ . However, this model presents a restriction. When the evaluation point to compute the induced velocity is near the vortex filament, a singular solution is obtained. For this reason, another model is needed. Vasitas, Kozel and Mih 15 proposed a correction factor based on a turbulent velocity profile inside a viscous vortex with a fine core,
where the viscous core radius is rc, the perpendicular distance to the evaluation point is d, and n is an integer.
Once the vortices are distributed over the wing and the wake, the component of velocity normal to the wing induced by these elements can be estimated according to, 
The solution of Eq. (22) allows obtaining the velocity distribution over the wing surface. Knowing the velocity flow field, the pressure distribution could be calculated using the Bernoulli equation for non-uniform flow, and the pressure difference between the upper and lower surfaces of the medium aerodynamic chord is 
B. Wake Model
The time-marching method is used to allow the wake deform freely. 16 Each vortex wake element moves with respect of the velocity of local flow (Vl),
The governing equation of the wake geometry is,
Different numerical schemes could be used to solve Eq. (29), such as the explicit Euler method, the implicit method, the Adams-Bashforth method and the predictor-corrector method. The predictor-corrector scheme is selected to solve Eq. (29) because for explicit methods, this is a numerical scheme that improves the stability. 16 This scheme is divided into two steps: the predictor and the corrector steps. The predictor step calculates a rough approximation of the position of wake nodes at t+1 using the Euler method. The corrector step obtains the velocity field using the position of each wake node previously estimated, and the position of the nodes is recalculated. 16, 17 The predictor step and the corrector step are defined as,
IV. Solution Method
Based in the mathematical formulation described previously, it is developed a numerical scheme that divides the wing surface in N discrete segments, and on each of these elements is assigned a vortex ring as singularity. Figure 2 represents a thin wing divided into panels.
Owing to this is an initial value problem, it is necessary to know the initial condition, and it is assumed at t=0 (when the wing is in repose) that inertial frame of references (X,Y,Z) matches with the frame of the origin (x,y,z), for this reason this calculation process starts at t=Δt, when there is not wake and a starting vortex is in the trailing edge. 14 For this time, the no-penetration boundary condition, described in Eq. (8), becomes,
where aKL is the normal component of the velocity at the control point K generated by a circulation equal to one around the vortex ring L, and its three images, [U(t),V(t),W(t)], are the time-dependent kinematic velocity components due to the motion of the wing in each collocation point K, and ΓL is the circulation.
14 During the second time step, the wing has advanced and for each panel at the trailing edge a wake vortex ring is created, as is shown in Fig. 2 . The strength of the new wake vortex ring is equal to the strength of the vortex placed at the trailing edge, and it is unchanged.
14 The normal velocity component at each point on the camber line of the medium chord is a combination of the self-induced velocity, the time-dependent kinematic velocity due to the motion of the wing through the flow, [U(t),V(t),W(t)], and the wake induced velocity, (uw,vw,ww),
The unknown is the strength of the panel-ring vortex ΓL. The Biot-Savart law is used to calculate aKL and Eq. (11) is applied to achieve the kinematic velocity due to the motion of the wing. Equation (33) 
where Δbij and Δcij are the panel lengths in the i and j directions, respectively. In the same way, τi and τj are the panel tangential vectors in the i and j directions, respectively. The area of each panel is ΔSij and the panel's angle of attack relative to the free-stream is αij.
The pitching moment is calculated at 25% of the chord behind the leading edge of the local section, approximately the location of the aerodynamic center in subsonic straight wings.
The contribution of each panel to the induced drag is,
where the induced downwash at each collocation point is wind.
V. Vortex-Ring Panel Code Description
The algorithm previously described was used to write a code in MATLAB®. The program is capable of simulating a straight wing with NACA four-digit airfoil section in unsteady, incompressible, and inviscid flow. Modular programming was used to create this program. The kinematically induced velocity for a vortex ring is estimated by the routine InfluenceCoefficients.m. The time-dependent kinematic velocity components due to the motion of the wing are achieved using Cinematic.m, and the wake influence through the routine InfluenceVelocityWake.m. The circulation is obtained by solving the system of equations resulting from Eq. (33) by GaussSeidel.m. Based on the time-marching method, the functions LocalVelocityWing.m and LocalVelocityWake.m are used to calculate the local velocity at the leading-edge and the wake, respectively. Finally, lift, drag and pitching moment are computed by Eqs. (34), (36) and (35), respectively, using the velocities and circulation values obtained. Ref. [18] presents a complete layout of this code.
VI. Results
In order to verify and validate the code presented herein, three rectangular wings of aspect ratio of 4, 8, and 12 formed with a NACA4415 airfoil are simulated moving at different fixed heights above the ground in subsonic incompressible flow, and their results are compared with the values obtained from Eq. (2), (3), and (4), and with those ones achieved using the vortex lattice code AVL. 19 These simulations are considered in static ground effect because the height is constant with time. Figure 3 illustrates two views of the paneled wings of RA=8 with the wake.
Figures 4, 5 and 6 show the changes of lift, drag and pitching moment coefficients as a function of time, respectively, obtained by the present method at an angle of attack equal to 2 deg, aspect ratio of 8, and in free flight. The values of these coefficients do not change excessively after 2 s, and they attain a steady condition at 6 s. For this reason, in this study the coefficients obtained in static ground effect were estimated at 6 s. The maximum difference achieved is 5.094% and 12.082% with Eqs. (2) and (3), respectively. For H/b=0.1, the maximum error is 45.232% and 26.182% with Eqs. (2) and (3), respectively, at RA=4, and for larger aspect ratios are 7.550% and 11.379%, respectively. For lift ground-effect influence ratio, the values calculated by the present code match very well with those values attained using the analytical Eq. (4) and code AVL for H/b≥0.5, reaching less than 5% of difference between the numerical data and the analytical values. For H/b=0.25, the maximum error is 14.606%, American Institute of Aeronautics and Astronautics 8 and for H/b=0.1 is 61.927%. The larger the aspect ratio, the less the error in the code is, and whereas the closer the wing is to the ground, the larger the error.
Figures 9, 10 and 11 show the variation of lift, induced drag, and pitching moment coefficients as a function of height. The results of these simulations in static ground effect show that lift and pitching moment coefficients increase and induced drag coefficient reduces as the wing approaches the ground. These are common findings in static ground effect studies. 1, [5] [6] [7] [8] 12, 13, 20, 21 Traub 21 explains that ground effect causes reduced downwash over the wing's bound-vortex system, and this increases the lift-curve slope and diminishes the induced (or vortex) drag. In addition, it is observed that the larger the wing's aspect ratio, the greater the increase of the lift and pitching moment coefficients and the reduction of induced drag coefficient would be.
In order to compare the capabilities of the code respect to the panel codes capable of modeling three-dimensional arbitrary configurations, a wing previously studied by Boschetti et al. 20 and Boschetti and Cárdenas 13 was simulated. This is a straight wing form with a NACA4415 airfoil section and it has an aspect ratio of 8.5877, taper ratio of one, and a wingspan of 5.187 m. Figures 12 and 13 show the drag reduction factor and lift ground-effect influence ratio as a function of H/b, respectively, for this wing estimated in subsonic flow with the present code compared to the results of Eqs. (2)- (4), and to those obtained by PANAIR, 20 AVL, 20 and CMARC. 13 The results accomplished with the panel codes that model the wing with thickness (PANAIR and CMARC) present a difference in the analytical result of less than 10%, and for H/b≥0.16667, of less than 4.6%. Moreover, the values attained with the panel code created and with AVL (both model the wing without thickness) show higher errors respect to the analytical results than the other ones, although the maximum difference reached using the present method is about 5% for H/b≥0.25, 12.16% for H/b=0.16667, and 30.03% for H/b=0.1. Thickness is an important item to model the ground effect.
A. Simulations of the wing in descent flight
The previous wing of RA=8.5877 was simulated in descent flight. Two conditions were modeled: constant rate of descent and varying rate of descent as flare. Equation (37) describes the flare maneuver that is modeled using the expression established by Blakelock. 22 The sink rate ( H  ) in flare is equal to -H/τ. The value of τ can be obtained according to the distance to the touchdown point.
The simulations were started at H/b=1.017 with γ0=-2.5 deg, uo=32.02 m/s, and at a ground distance of 300 m. Figures 14 and 15 illustrate the wake generated by the wing in sink and flare maneuvers at an angle of attack equal to zero, respectively. Figures 16 to 18 show the comparison between lift, induced drag, and pitching moment coefficients as function of H/b obtained for constant rate of descent, flare, and those ones obtained in static ground effect. It is observed that the significant effect of the rate of descent on the aerodynamic coefficients due to the angle of attack is linked to the sink rate, as shown:
If the sink rate is constant during the approach, the angle of attack would be constant, and this generates that the lift and induced drag coefficients, and the absolute value of the pitching moment coefficient increase. For H/b=0.39, CDi reaches its maximum value and then it begins to diminish. Due to ground proximity, the tip vortices are displaced laterally outboard, assigning a higher net effective aspect ratio. 21 For flare, the effective angle of attack reduces as the height above the ground diminishes. Consequently, lift, pitching moment, and induced drag coefficients decrease, CL and CM accomplish their minimum value at H/b=0.39, and then these began to increase, and CDi lessens with a higher rate.
It could be observed that the aerodynamic coefficients in dynamic ground effect in flare at α=2 deg and γ=-2.5 deg have some similarities to those ones obtained at fixed height above the ground at α=4 deg. The effective angle of attack for both cases is approximately the same for H/b≤0.536. The low values of sink rate for H/b≤0.536 make the influence of dynamic ground effect weaker, and it could be considered a quasi-stationary model.
B. Determination of the h derivatives
The present code is employed to compute the stability coefficients of the wing at different heights above the ground. Lift, drag, and pitching moment slopes and the coefficients at zero angle of attack are estimated from a previously obtained data in static ground effect.
The stability coefficients with respect to pitch rate of the wing were estimated by simulating a flight path arc cambering the wing at specific radius and velocity. 23 Lift, drag and pitching moment coefficients were calculated at different load factors (n), knowing that the distance at the center of flight path arc is equal to (n-1)·g/uo 2 and that the pitch rate is (n-1)·g/uo [Refs. 23, 24] .
The  derivatives were achieved by simulating a sinusoidal phugoid motion, which allows isolating the aerodynamic coefficients with respect to the rate of change of angle of attack. 24 A frequency of 2π rad/s and an amplitude of 0.302 m, for a reduced frequency of 0.05208 rad were selected. Table 1 presents the stability coefficients of the wing achieved at different heights. Using these values and those ones present in Figs. 16, 17 , and 18 for dynamic ground effect, Eqs. (5) and (6) were used to calculate the variation of lift, drag, and pitching moment coefficients with non-dimensional height. Table 2 shows the h derivatives.
The h derivatives define the variation of the aerodynamic coefficients as a function of height. These coefficients are supposed to have the same value for each height and be independent of the flight condition. The results accomplished of the h derivatives using the values attained in flare and at a constant rate of descent are not equal and the dispersion increases as it approaches the ground. For H/b=0.739, the difference between CLh at constant rate of descent and the other one in flare is 51.02%, for H/b=0.283 is 1509.89%, and for H/b=0.15 is 200.95%.
Klein and Morelli 25 indicate that there are some cases in which a linear model could not allow a good representation of aerodynamic forces and moments and it is necessary to extend the linear model by adding nonlinear terms. This indicates that another nonlinear term must be added, or the present terms have to be modified. Nevertheless, both nonlinear models created are valid for their specific flight conditions and can be useful for flight simulation and flight control system design.
VII. Conclusion
The influence of dynamic ground effect on the aerodynamic coefficients of a wing has been evaluated by a numerical model based on a panel method capable of simulating unsteady flow and that allowed performing simulations of the wing approaching the ground at a constant rate of descent and flare maneuvers. For a constant angle of attack as the height above the ground decreases, the lift and the absolute value of the pitching moment coefficients increase and the induced drag coefficient reduces, and these variations tend to be higher when the angle of attack is greater. Lift, induced drag, and pitching moment coefficients obtained in sink and flare maneuvers compared to those ones estimated in static ground effect show the same trend, but the aerodynamic coefficients achieved in static ground effect are less affected than those ones calculated by simulations of the wing approaching the ground. This is due to the dynamic ground effect.
Nonlinear models of a wing in dynamic ground effect were developed to model flare and descent at constant sink rate, meaning that each maneuver needs a specific model.
As conclusion, the sink rate produces significant variations in lift, induced drag, and pitching moment coefficients of a wing and this must be considered in flight simulation and flight control system design in ground effect. 
